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ABSTRACT 
Complementing the work of T.-S. Liu and A.C.M. van Rooij we show that the existence of non-zero 
translation invariant operators between certain fu ction spaces ona locally compact group implies its 
amenability. 
INTRODUCTION 
Let the locally compact group G, endowed with a left invariant Haar measure, act 
by left translation on LP(G) as (Lsf)(x)  = f ( s - lx )  for s 6 G and f ~ LP(G). 
A bounded linear operator will be called left invariant if it commutes with all Ls, 
s 6 G. We shall be mainly interested in left invariant operators T from L~(G) into 
LP(G), 1 <<. p <~ :x~. Certainly, the existence of a non-zero left invariant operator 
from L ~ (G) into C is equivalent to he amenability of G. T.-S. Liu and A.C.M. van 
Rooij proved in [ 11, Corollary 7, p. 312] the following remarkable 
Theorem (Liu-van Rooij). Let G be a discrete group. I f  G is amenable, then 
there exist non-zero left invariant operators on L ~ ( G) with values either in L P ( G), 
2 <<. p < ~x~, or in C°(G). 
For the case 1 ~< p < 2, equally due to Liu and van Rooij, see Section 1. Here we 
shall be concemed with the converse question. Does the existence of a non-zero left 
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invariant operator from L~(G) into LP(G) or C°(G) imply the amenability of G? 
We shall give some examples, 2.2, 3. l, and 3.2 below, for which the answer is yes. 
The main ingredient in our proofs is the notion of weak compactness, for whose 
elementary properties we refer to [7, V.4 and VIA], and the fixed point theorem of 
Ryll-Nardzewski. 
SECTION 1 
Let us first extend Theorem 3 of Liu-van Rooij [11] to operators from an abstract 
C*-algebra (instead of L~(G)) into LP(G), 1 ~< p < 2. To dispose of the case 
p = 1 we shall use part (a) of the following well-known lemma; cf. [19, Theorem 1, 
p. 660], [1, Theorem 4, p. 7], or [5, Lemma 3, p. 326]. C°(G) denotes the Banach 
space of continuous complex-valued functions on G vanishing at infinity. 
Lemma 1.1. Let G be a locally compact group. Unless G is compact, 
(a) the only element f in LI(G) whose set of left translates is relatively weakly 
compact is f = 0; 
(b) the only element f in LP(G), 1 < p < oo, whose set of left translates is 
relatively norm compact is f = 0; 
(c) the only element f in C°(G) whose set of left translates is relatively norm 
compact is f = O. 
Proof. (a) Let f E LI(G) be such that {Lsf: s E G} is relatively weakly compact 
in LI(G). By the theorem of Dunford-Pettis, cf. [6, Theorem 4, p. 93], there is for 
any e > 0 a compact subset C of G s.t. for all s ~ G 
f It,,f(~)l<t.,<= f Is(s-'x)ld,<= f I.r(~)ld.,<<~/m 
G\C GkC G\s-lC 
If G is not compact, we have sC N C = 0, i.e. C C G \ sC for some s 6 G, and 
hence 
f ,s,+ 
G C G\C G\sC G\C 
implying f = 0. 
(b) If the set of Lsf,  s c G, is relatively norm compact for some f E LP(G), 
1 ~< p < ~x~, a theorem in Weil, [21, Chapter III, 12, p. 53], gives us for any e > 0 a 
compact subset C of G s.t. for all s E G 
f [Lsf(x)f  dx = f [f(x)]Pdx < e/2, 
G\C G\s-IC 
implying f = 0 as above. 
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(c) Let f E C°(G) be such that {Lsf: s E G} is relatively norm compact in 
C°(G). By the theorem in [21] just quoted, there is for any e > 0 a compact C c G 
s.t. the norm of the restriction of f to G \ s -1C satisfies 
IlfiG\s-'ell<  (sE.a). 
For any s 6 G with C C G \ sC we therefore have 
II fll = max{ Ilflell, IIflG \ ell} <~ max {llf lG \ sell, II fiG \ ell} < e, 
implying f = 0. [] 
Proposition 1.2. Let G be a locally compact group acting by linear &ometries on 
a C*-algebra A, and let 1 <<. p < 2. I f  there exists a non-zero G-invariant operator 
from A into LP(G), then G is compact. 
Proof. We shall write the action of s 6 G on a 6 A as s.a and the dual action of 
G on A*, the Banach space dual of A, as (1.s)(a) = l(s.a), for I ~ A*, s ~ G, and 
a E A. Let us assume that G is not compact and let T : A ~ LP(G) be a bounded 
linear operator s.t. T(s.a) = Ls(Ta) for all a E A and s ~ G. 
For p = l, we see as in [19, Proposition l, p. 659]thatT:A ) LI(G) is weakly 
compact. Since the G-orbit of any a ~ A is bounded in A, the set of left translates 
of Ta, {Ls(Ta): s ~ G} = {T(s.a): s ~ G}, is relatively weakly compact in LI(G), 
such that Ta = 0, according to Lemma 1. l(a). 
For 1 < p < 2, we consider the dual operator T* : LP'(G) ~ A* satisfying 
T*(Lsf)  = (T*f).s -1, for f E LP'(G) and s E G. For any f E LP'(G), continuous 
and of compact support, there is an infinite sequence (si)i/>1 in G s.t. the functions 
Lsi f (i >1 1) have pairwise disjoint supports. Since the Banach space dual, A*, of 
A is of cotype 2, cf. [15, Proposition 93, p. 120], there exists a constant c such that 
for any n/> 1 and any sequence ll . . . . .  In in A* we have 
Illi II 2 <<. c Zri(t)li 
i=1 0 i=1 
with (ri)i>~l denoting the sequence of Rademacher functions on the unit nterval. 
Applying this to the elements li = (T*f).si  -J (i >1 l), we get for any n/> 1 
II(r*s).s/-' II 2 ~<c Zri(t)(T*f).sZ 1 
i=1 0 i=1 
1(~_~ ri(t)Lsif) =cj  f T* dt 
0 \i= 




0 '~  o)- =cllr*ll I IL, if l l  p, at 
0 
=cllW*llllfll,,,n'i"', 
and, G acting isometrically also on A*, 
that is 
n'/211T* fll  cllT*llllfit ,n'/ ', 
dt 
llT*fll cllT*lliifiip, (n I), 
implying T* f  = 0. The space of continuous functions of compact support being 
dense in LP'(G), we get T* and hence T equal to zero. [] 
The following corollary is due to D.M. Oberlin, [14, Theorem 3.1, p. 239]; for 
its history see [14, pp. 241-242]. C*(G) and C~(G) denote the full and reduced 
C*-algebra of G, respectively. 
Corollary 1.3 (Oberlin). Let G be a locally compact group and let A either be 
C*(G) or C*r(G). G is compact if and only if there exists for some 1 <~ p < 2 a 
non-zero left invariant operator from A into L P(G). 
Proof. One half is immediate from Proposition 1.2. If G is compact, right convolu- 
tion with any non-zero element in L2(G) defines a non-zero left invariant operator 
from A into L2(G) C LP(G). [] 
The next corollary is [11, Theorem 3, p. 308]. Cb(G) and CbU(G) denote the 
C*-algebras of bounded continuous and bounded uniformly continuous functions 
on G, respectively. 
Corollary 1.4 (Liu-van Rooij). Let G be a locally compact group and let A either 
be L~(G),  Cb(G), cbu(G) or C°(G). G is compact if and only if there exists for 
some 1 <<, p < 2 a non-zero left invariant operator from A into LP(G). 
Proof. One direction follows from Proposition 1.2, and if G is compact, the 
inclusion A > LP(G) is a non-zero left invariant bounded linear operator. [] 
SECTION 2 
We treat now the case of left invariant operators from L°°(G) into LP(G), 
2 ~< p < oo. The following lemma is a little bit more general than we actually 
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need. We have in mind the bidual M = L°°(G) ** of the commutative C*-algebra 
L°~(G) under pointwise operations, an belian and therefore finite von Neumann 
algebra cted upon by the group of automorphisms L**, s e G. Similar situations 
are described in [10, Theorem 1, p. 894], [8, Theorem 2.1, p. 174], or [16, 4.4.1, 
p. 294] (we apologize for the wrong statement in [16, 4.4.4.b, p. 296] which should 
be deleted). 
Lemma 2.1. Let G be a group of automorphisms of a finite von Neumann algebra 
M with predual M,. For every ~o ~ 0 in M, whose G-orbit is relatively weakly 
compact, there is a positive ~ ~ 0 in M,, invariant under G and contained in the 
closed convex hull of the G-orbit of the absolute value of ~o. 
Proof. We shall denote the dual action of G on M, by qg.s for ~0 ~ M, and s e G. If, 
for some ~0 ¢ 0 in M,, the G-orbit {~0.s :E G} is relatively weakly compact in M,, 
the finiteness of M implies, by a theorem of Sait6 [18, Theorem 1, p. 325], that its 
image under the absolute value equally is. By the uniqueness of the absolute value, 
[20, III. 4.6, p. 143], we have I~0.sl = I~0[.s for s ~ G, such that {l~01.s:  e G} is also 
relatively weakly compact. It follows from a theorem of Krein, [3, EVT IV. 37], 
that its closed convex hull, K, is a weakly compact convex subset of M,, invariant 
under the isometric action of G. The fixed point theorem of Ryll-Nardzewski, [3, 
EVT IV. 43], now guarantees the existence of a ff ~ K invariant under G. Since 
K consists of positive elements only, ff is positive; approximating ff by convex 
combinations Y~CnkOl.sn (Cn > O, Y~.C n = 1, sn E G), we get 
~b(l) = limy~cnlq)l.sn(1) 
= limy~cnl~oI(sn.1) 
= l imy~ cnl~0l(1) 
= I~01(1), 
such that IJ~ll = if(l) = I~1(1) = 111~o111 = I1~oll > O, by [20, 1.9.9, p. 38] and [20, 
III. 4.6, p. 143]. [] 
Proposition 2.2. Let G be a locally compact group and let 2 <~ p < oo. If  there 
exists a non-zero left invariant operator from L°°(G) into LP(G), then G is 
amenable. 
Proof. If T # 0 is left invariant from L~(G) into LP(G), then its adjoint T* : 
LP'(G) -+ L~(G) * is non-zero and satisfies T* o Ls* = L* o T* (s E G). Take f E 
LP'(G) s.t. T*f  7k O. Since {L'f :  s E G} is a bounded and therefore relatively 
weakly compact subset of the reflexive Banach space L p' (G), its image under T*, 
{L~(T*f): s E G} = {T*(L*f): s E G}, is relatively weakly compact in the predual, 
L~(G) *, of the finite von Neumann algebra M = L~(G) **. Applying Lemma 2.1 
with ~0 = T*f  yields a positive element ff in L~(G) *, satisfying Ls*q5 = q5 for all 
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s 6 G, and ~(1) 7~ 0. Hence @1)-*@ is a left invariant mean on L°°(G), and G is 
amenable. [] 
SECTION 3 
Proposition 3.1. Let G be a compactly generated, locally compact group. If  there 
is a non-zero left invariant operator from L°°( G) into C°(G), then G is amenable. 
Proof. (a) Let first G be metrizable. Since G is a-compact C°(G) is separable, 
cf. [2, §3, n°3, Th6orbme 1, Corollaire, p. 41]. Since L~(G) is isomorphic to 
C (K) for some extremally disconnected, compact Hausdorff space, every bounded 
linear operator T from L°°(G) into C°(G) is weakly compact, by a theorem 
of Grothendieck, [9, Th6or~me 9 and Lemme 8, pp. 168-169]. If T # 0 is left 
invariant, its adjoint T*:C°(G) * ) L°°(G)* is also left invariant and weakly 
compact. Thus, for any # E C°(G) * with T*# ¢ 0 the G-orbit {L*(T*Iz) = 
T* (L*#): s ~ G} is relatively weakly compact in L °~ (G)*, such that an application 
of Lemma 2.1, as in the proof of Proposition 2.2, implies the amenability of G. 
(b) Let now G be compactly generated, and let T : L°°(G) ) C°(G) be 
left invariant with T~0 # 0 for some ~0 E L~(G). Since G is a-compact, we 
obtain from Luzin's theorem a sequence (~On)n)l of continuous functions on G 
s.t. ~0(x) = lim~on(X) for almost all x 6 G. By a theorem of Kakutani-Kodaira, 
cf. [12, Corollary 2.8, p. 61], applied to the countably many continuous functions 
~On (n/> 1), there is a compact normal subgroup K of G such that G/K is metrizable 
and a-compact, and ~o,(kx) = ~On(X) forx 6 G, k 6 K, and all n ~> 1. 
In particular, we see that Lk~O = ~0 for all k 6 K such that there is a unique ~o' 
L~(G/K) with q9' ozr = qg, zr being the canonical projection of G onto G/K, cf. [17, 
Proposition 3.6.13, p. 117]. Composition with Jr defines a left invariant isometric 
embedding J : L°°(G/K) ) L°°(G); choosing the Haar measure of K to be of 
mass 1, the formula 
=f¢,(xk)ak (V' c°(a),x G), 
K 
defines a left invariant linear projection P : C°(G) ) C°(G/K) of norm one: 
L°°(G/K)  . . . . . .  ,~ 
J 
L°O(G) T 
co(c /K)  
. co(c) 
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Since Lk(T~o) = T(Lk~o) =Ttp, and therefore T~o(xk) = Tqg(x) for all x e G and 
k 6 K, we have 
(PT J¢) (z rx)  = (PT~o)(zrx) = f T~o(xk)dk = T~p(x) (x ~ G), 
K 
s.t. the left invariant operator PT J  is non-zero. By part (a), G/K is amenable and 
hence also G, cf. [15, Proposition 8.5.6, p. 250]. [] 
Part (b) of the following proposition has been suggested by a question of 
Theo Biihler (ETH Ziirich), [4]; compare also with [8, Theorem 2.1, p. 174], and 
Theorems 2 and 5 in [ 10] characterizing inner amenable groups. Part (a) is due to 
C.A. Akemann, [1, Theorem 4, p. 7]. 
Proposition 3.2. Let G be a locally compact group. 
(a) G is compact if and only if there is a non-zero weakly compact left invariant 
operator from L 1 (G) into itself, 
(b) G is amenable if and only if there is a non-zero weakly compact left invariant 
operator from L ~ ( G) into itself. 
Proof. (a) See [ 1, Theorem 4, p. 7], or Lemma 1.1 (a) for one direction, the other 
being classical. 
(b) If G is amenable, then any left invariant mean M on L~(G)  defines a 
non-zero left invariant operator T = M ® 1 of rank one on L~(G).  If, conversely, 
T -¢ 0 is left invariant and weakly compact on L~(G),  then so is its adjoint 
T* : L~(G)  * ~ L~(G)  *, such that an application of Lemma 2.1 yields the 
amenability of G. [] 
Let us mention the following analogue of Proposition 3.2 for conjugation 
invariant operators. Setting ( Isf)(x)  = f ( s - lxs )A(s ) ,  for s e G and f c LI(G), 
A the Haar modulus of G, we obtain a linear isometry of L 1 (G) satisfying Is~.~2 =
ls~ Is 2 for Sl, s2 e G, whose dual operator IS* is given by (ls*~o)(x) = ~o(sxs-1), 
~o ~ L~(G),  s.t. {Is*: s e G} is a group of automorphisms of the von Neumann 
algebra L~ (G). We shall call an operator on L 1 (G) or L ~ (G) conjugation i variant 
if it commutes with all Is resp. IS* (s e G). 
A locally compact group G is called an [IN]-group if its neutral element 
possesses a compact neighbourhood invariant under inner automorphisms of G; by 
a theorem of Mosak, [13, Proposition (a), p. 614], this is the case if and only if the 
centre of the algebra L1(G) is non-zero. G is called inner amenable if there exists a 
conjugation i variant mean on L~(G),  i.e. a mean M ~ L°°(G)* s.t. I**(M) = M 
for all s 6 G. Clearly, every [1N]-group is inner amenable. 
Part (b) of the following proposition is a slight generalization f Theorem 2 (cf. 
also Theorem 5) in [10], while part (a) is entirely due to A.T.-M. Lau and A.L.T. 
Paterson, [ 10, Theorem 1 ]. 
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Proposition 3.3. Let G be a locally compact group. 
(a) G is an [IN]-group if and only if there is a non-zero weakly compact conjuga- 
tion invariant operator from L 1 ( G) into itself', 
(b) G is inner amenable if and only if there is a non-zero weakly compact 
conjugation invariant operator from L °° ( G) into itself. 
Proof. (a) See [9, Theorem 3, p. 896]. 
(b) One direction is as in the first sentence of the proof of Theorem 2 in [10, 
p. 895]. For the other one applies Lemma 2.1 to the group of automorphisms 
ly*  (s 6 G) of the von Neumann algebra M = L°°(G)**, as in the proof of 
Proposition 2.2. [] 
SECTION 4. QUESTIONS AND REMARKS 
1. Is the theorem of Liu-van Rooij, quoted in the introduction, true for all 
amenable locally compact groups? By the Main Theorem in [11, p. 316], it is true 
for all abelian locally compact groups. 
2. Is Proposition 3.1 true without the hypothesis of G being compactly gener- 
ated? 
3. Let G be a locally compact group. Unless G is compact, every positive left 
invariant operator from L°°(G) into LP(G), 1 ~< p < oo, or into C°(G) is zero. 
Indeed, let T : L°°(G) ~ LP(G) be positive and left invariant. For every positive 
~0 in L°°(G) we have 0 ~< T(~0) ~< II~ollT(1) with T(1) a constant function in LP(G). 
It follows that T(1) and hence T(~0) is zero, for all positive and therefore for all 
~o ~ L°°(G). The same applies for T taking its values in C°(G). 
The following was suggested to me by Craig L. Zirbel (University of Bowling 
Green, Ohio), [22]. 
4. Let G be a locally compact group. Unless G is compact, every left invariant 
operator from L°°(G) into LP(G), 1 ~< p < c~, annihilates every weakly almost 
periodic function on G, in particular every function in C°(G) or B(G), the Fourier- 
Stieltjes algebra of G. Indeed, let T : L°~(G) ~ LP(G) be left invariant and let 
~o ~ L~(G)  be such that {Ls~o : s ~ G} is relatively weakly compact in L~(G).  
Since T is weakly compact (for p = 1 see [9, Yh6or~me 7, p. 161]) and L~(G)  
has the Dunford-Pettis property, the image {Ls (Ttp)= T(Ls~o) : s E G} is relatively 
norm compact in LP(G), cf. [9, Proposition 1, p. 135, and Yh6or6me l(a), p. 139], 
such that T~0 = 0, by Lemma 1. l(b). 
5. Let G be a second countable locally compact group. Unless G is compact, 
every left invariant operator from L°~(G) into C°(G) vanishes on the space 
of weakly almost periodic functions on G, in particular on C°(G). Indeed, let 
~o ~ L°°(G) be such that {Lstp: s ~ G} is relatively weakly compact, and let 
T : L°°(G) ~ C°(G) be left invariant. Since C°(G) is separable, T is weakly 
compact such that {Ls(Tqg) = T(Ls~p) :s E G} is relatively norm compact in C°(G), 
by the theorems of Grothendieck quoted in the proof of Propositions 3.1 and 4.4, 
implying T~0 = 0, by Lemma 1.1(c). 
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